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Abstract The design objective of this paper is to ap-
ply various control techniques to control the speed
of a hybrid electric vehicle (HEV) using an elec-
tronic throttle control system (ETCS). The DC servo
motor is used for controlling the angular position of
the throttle valve. A proportional-integral-derivative
(PID), a self-tuning fuzzy PID (STF-PID) controller
and a model reference adaptive system (MRAS) with
a sliding mode (SM) adaptation mechanism are used
for controlling the speed of the nonlinear vehicle. The
integral error performance indices (IEPI) such as the
integral of the absolute error (IAE), the integral of
the square of error (ISE) and the time domain perfor-
mance specifications such as overshoot (OS), settling
time (ST) and rise time (RT) are taken into consid-
eration for the performance analysis of HEV. The ro-
bust H∞ controller using mixed sensitivity approach
is designed and implemented for the linearized HEV.
The robust stability of uncertain HEV with H∞ con-
troller using Kharitonov’s theorem is analyzed, and
the stability margin of the linearized vehicle system
is determined. These control techniques are developed
to achieve the robust performance of the throttle con-
trolled HEV with the target to achieve a wide range of

A.K. Yadav (B) · P. Gaur
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Nataji Subhas Institute of Technology, Dwarka,
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speed, fuel economy, reduced pollution and improved
efficiency.

Keywords Adaptive control · Electronic throttle
control system · H∞ control · HEV · Robustness ·
Stability margin

1 Introduction

In recent years, increasing concern for environment
and economy has made the use of a hybrid electric ve-
hicle (HEV) indispensable and ubiquitous in nature.
The limitation of a pure electric vehicle (EV) is re-
lated to the variation in vehicle speed with large varia-
tion in road grade or slope. The EV must be converted
into HEV which is powered by a conventional internal
combustion engine (ICE) or an electric motor along
with a battery or both, depending on the factors such
as speed, required power, and amount of charge left
in the batteries, i.e., state of charge, etc. The emitted
pollutants like carbon monoxide, hydrocarbon and ni-
trogen oxide are strongly dependent on the air–fuel ra-
tio. These emissions are a major source of pollution
that causes the greenhouse effect which in turn leads
to global warming. Furthermore, electric power used
for the battery of EVs can also be generated using non-
conventional sources like solar and wind, etc., which
are environment friendly [1–5].

Energy management and optimal power flow in a
plug-in HEV with vehicle dynamics is discussed in the

mailto:anilei007@gmail.com
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literature review [6–9], but the plug-in HEV fails un-
der large speed variation such as in a terrain region,
i.e., when the road slope is unpredictable, and fuel sta-
tions are less abundant. There are many countries and
places where the implementation of a constant speed
vehicle, i.e., controlling pure EV is more difficult. In
the entire vehicle such as a conventional vehicle, se-
ries, parallel, and HEV, etc., ICE plays a key role for
better and wider speed performance. ICEs are used in
almost all vehicles in all fields such as heavy trucks,
military trucks, tractors, ambulances, trains, aircrafts,
etc., which are a major source of pollution, high fuel
consumption, poor speed performance, and less effi-
ciency at low speed. These variables depend on the
throttle position which is controlled by a high per-
formance DC servo motor as proposed in this paper.
Controlling the throttle position using electric motor
drives is called an electronic throttle control system
(ETCS). With the HEV and ETCS, a wide range of ve-
hicle speed with varying road grade may be achieved.
This may also control the pollutant emission and im-
prove fuel economy and efficiency. The throttle is used
as a valve to regulate the air mass flow into the engine
combustion system [5, 10].

The HEV with ETCS and nonlinear vehicle dynam-
ics make a nonlinear and unstable system. The lin-
ear control techniques cannot handle this problem due
to high nonlinearities in the system. Several strate-
gies such as PID, optimal linear quadratic regulator
(LQR), self-organizing control and fuzzy logic con-
troller (FLC), etc. have been used for speed control of
a linearized vehicle model with fixed road grade using
throttle position control in [4]. Many nonlinear con-
trol techniques such as sliding mode, model predictive
control [8], adaptive control like MRAS [11, 12], self-
tuning fuzzy PID control [19], self-organizing fuzzy
logic control [18], fuzzy logic control, and neural
network based control [12] effectively handling non-
linearities and the uncertainty problem are discussed
in [11–19]. The adaptive vehicle speed control with
input injections is discussed in [20]. The self-tuning
fuzzy logic PID controller designed to tune the gain
of Kp , Ki and Kd of the PID controller is used in this
paper. The integral error performance indices (IEPI)
such as the integral of the absolute error (IAE) and the
integral of the square of the error (ISE) are used as
measures of the HEV performance. The time domain
performance parameters such as the overshoot (OS),
settling time (ST) and rise time (RT) are also studied

to get better all-round performance of HEV. Among
all the adaptive control techniques, MRAS schemes
are the most common strategies employed due to their
relative simplicity and low computational effort [11,
12]. In this paper, a self-tuning fuzzy PID controller
(STF-PID) and MRAS with sliding mode adaptation
mechanisms in a cascade structure are proposed. In
this cascade structure, there are two loops, inner and
outer. In this paper, a proportional-integral (PI) con-
troller is used in the inner loop, and PID, STF-PID
controller and MRAS are applied in the outer loop.
In MRAS, the dominant poles (DP) based reference
models are designed and the performance parameters
like ST, RT, OS, and the steady state error (Ess) are
also taken into consideration. The main advantage of
MRAS over STF-PID is it has a reference model (RM)
which gives the desired performance of the system.
This motivates the authors to find the desired trajec-
tory, i.e., desired speed that is automatically achieved
by using a suitable placement of dominant poles of
RM [13].

In practical control systems, at least two types of
uncertainties, namely unstructured and structured or
parametric uncertainties, are present. The parametric
uncertainty represents the lack of precise knowledge
of the actual system parameters [21]. In this paper, the
focus is on the parametric uncertainties because vehi-
cle parameters used in modeling are varying within a
prespecified range. For the analysis of parametric un-
certainties, Kharitonov’s theorem and H∞ controller
using mixed sensitivity approach are proposed for the
linearized system. Generally, H∞ controller deals with
the unstructured uncertainties, but in this paper it is
proposed for the system having structured uncertain-
ties. In 1978, the Russian mathematician Kharitonov
published a paper in a mathematical journal which is
now used for problems of robust control [22]. The ap-
plications of Kharitonov’s theorem in various fields
are given in [23, 24], and may also be used in other
similar applications such as the control of an induction
motor drive, control of aircraft, etc. The H∞ control
design technique, however, directly address the prob-
lem of robustness by deriving controllers which main-
tain system response and error signals to within pre-
scribed tolerances, despite the presence of noise in the
system [25, 26]. A design methodology of weighting
functions has been proposed for the H∞ mixed sensi-
tivity problem in [27, 28].

In this paper, the H∞ control theory is used for the
design of the controller, while Kharitonov’s theorem



Robust adaptive speed control of uncertain hybrid electric vehicle using electronic throttle control 307

is used for robust stability analysis of HEV with para-
metric uncertainty. The stability margin of the uncer-
tain HEV with reduced H∞ controller is determined
using Kharitonov’s theorem. The order reduction of
the H∞ controller is achieved by using Routh’s order
reduction technique [30, 31]. For a better performance
analysis of a system, it is required to have proper bal-
ance in the time domain, frequency domain and IEPI.
All the above mentioned performance specifications
are considered in this paper.

2 Problem formulation and modeling

The architecture of HEV considered in this paper is
given in Fig. 1(a) [6] and the mechatronic system of
an engine with ETCS is shown in Fig. 1(b). It may
be called the single mode power split series/ parallel
or combined. The planetary gear set creates both se-
ries and parallel paths for power flow to the wheels.
The parallel flow paths (dashed arrows) include a path
from the engine to the wheels and a path from the bat-
tery, through the motors, to the wheels. On the other
hand, the series flow path takes power from the engine
to the battery first, and then back through the electrical
system to the wheels (solid arrows). This configuration
has many features such as a wide range of speed, im-
proves the overall efficiency, reduces pollution; it may
also be used in military vehicles, unmanned vehicles in
robotics, bomb blasting and bomb diffusion process,
etc. The planetary gear set may have an electronic
switch, programmed according to the road grade, de-
sired vehicle speed and state of charge of the battery. It
is clear from Fig. 1(a) that the engine plays a key role
in all the configurations of the vehicle and the power
at the initial, i.e., transient state. Hence it is necessary
to control the engine speed which varies with time and
strongly depends on fuel power, i.e., air–fuel ratio. The
air–fuel ratio is responsible for the pollutant emission,
power required by the vehicle, efficiency of the vehi-
cle, etc.

The numerical values of uncertain HEV in SI units
used for simulation and robustness analysis are given
in Table 1. In Fig. 1(b), the ETCS uses a DC servo
motor to rotate the throttle plate. Here the DC servo
motor is controlled by the applied motor voltage Ea

[10]:

dia

dt
=

(
1

La

)(
−Raia − Kb

dθm

dt
+ Ea

)
(1)

(a)

(b)

Fig. 1 (a) Architecture of HEV. (b) Mechatronic system of an
engine with ETCS

where ia is armature current (A), θm is armature angu-
lar position (rad). The back EMF Eb due to the motor
rotation is Kb · dθm/dt . The meaning of symbols used
in equations is given in Table 1.

The motor and rotational dynamics of the throttle
are given by

d2θm

dt2
=

(
1

Jm

)(
−Bm

(
dθm

dt

)
− TL + Tm

)
, (2)

d2θ

dt2
=

(
1

Jg

)(
−Tsp − Bt

(
dθ

dt

)
− Ta + Tg

)
(3)

where the gear ratio is N , the engine speed is defined
as N = θm/θ = Tg/TL, Ta is the torque due to airflow
(N m), Tg is the torque transmitted from gears (N m),
TL is the load torque (N m), Tm is the torque applied
by motor (N m), Tsp is the return spring torque (N m),
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Table 1 Numerical values
and parametric uncertainty
of HEV

Descriptions Symbol Value (SI unit) Uncertainty

Armature resistance Ra 2 � [1.5,2.5]
Armature inductance La 0.003 H [0.002,0.004]
Back EMF constant Kb 0.11 V s/rad [0.07,0.15]
Gear ratio N 4 [2,6]
Motor torque constant Kt 0.1 N m/A [0.08,0.12]
Throttle spring constant Ksp 0.4 N m/rad [0.3,0.5]
Focal point of airflow on plate Raf 0.002 m [0.001,0.003]
Pre-tension angle of spring θ0 π/2 rad –

Throttle plate radius Rp 0.0015 m [0.001,0.002]
Motor damping constant Bm 0.03 N ms/rad [0.02,0.04]
Throttle damping constant Bt 0.002 N ms/rad [0.001,0.003]
Motor inertia Jm 0.001 kg m2 [0.0008,0.0012]
Throttle inertia Jg 0.005 kg m2 [0.003,0.007]
Equivalent inertia J 0.021 kg m2 [0.009,0.0502]
Damping constant B 0.482 N ms/rad [0.082,1.443]
Vehicle mass m 1000 kg [750,1250]
Drag coefficient α 0.48 N/(m/s)2 [0.4,0.56]
Engine force coefficient γ 12500 N [10000,15000]
Engine idle force Fi 6400 N [5500,7300]
Engine time constant τe 0.5 s [0.2,0.8]
Bearing damping coefficient bw 0.035 N ms/rad [0.03,0.04]
Radius of tire rtire 70 mm [50,90]
Friction coefficient μ 0.011 [0.01,0.012]
Gravity acceleration g 9.8 m/s2 –

Road slope/grade β Variable [±2◦,±30◦]
Desired values ∗

θ is the throttle plate angular position in radians. The
motor torque Tm is defined as

Tm = Ktia. (4)

From Eqs. (1)–(4), we have

dia

dt
=

(
1

La

)(
−Raia − KbN

dθ

dt
+ ea

)
, (5)

d2θ

dt2
=

(
1

J

)(
−B

(
dθ

dt

)
+ NTm − Tsp − Ta

)
(6)

where J = N2Jm + Jg and B = N2Bm + Bt .
A stiff rotational spring returns the plate to a closed

position when Ea is zero. The spring assembly has
been initialized to an angle θ0 which produces a clos-
ing torque. The spring torque Tsp may be described as

Tsp = Ksp(θ + θ0). (7)

The airflow over the throttle plate induces a small
torque Ta given by

Ta = Raf Fa cos θ. (8)

The variable Fa denotes the air force acting on the
plate parallel to the air flow direction:

Fa = 	PAp cos θ (9)

where 	P = Patm − Pm, the throttle plate area (m2)
is Ap = πR2

p and Pm = f (θ,Patm,N). The mani-
fold pressure Pm is a nonlinear throttle angle depen-
dent function that approaches the atmospheric pres-
sure (Patm) as the throttle approaches a wide-open
state. Hence (8) can be written as

Ta = Raf 	PπR2
p cos2 θ. (10)

Equations (5) to (10) give the nonlinear mathematical
model of ETCS.



Robust adaptive speed control of uncertain hybrid electric vehicle using electronic throttle control 309

For the simplification and representation of system
in the s-domain, taking the Laplace transform of (5)
and (6), we obtain

LasIa(s) = −RaIa(s) − KbNsθ(s) + Ea(s)

⇒ Ia(s) = Ea(s) − KbNsθ(s)

sLa + Ra

, (11)

J s2θ(s) = −Bsθ(s) + NKtIa(s) − Tsp − Ta. (12)

From (11) and (12),

J s2θ(s) = −Bsθ(s) + NKt

(
Ea(s) − KbNsθ(s)

sLa + Ra

)

− Tsp − Ta. (13)

For simplicity, consider the throttle to be at the open
state, i.e., θ = π/2, which is equal to θ0 as given in
Table 1. Hence

Ta = 0 and Tsp = Ksp × 2 × θ(s). (14)

From (13) and (14),
[
LaJ s3 + RaJ s2 + BLas

2 + RaBs + N2KtKb

+ 2KspLas + 2KspRa

]
θ(s) = NKtEa(s) (15)

θ(s)

Ea(s)

= NKt/LaJ

s3 + RaJ+BLa
LaJ

s2 + RaB+N2KtKb+2KspLa

LaJ
s + 2KspRa

LaJ

.

(16)

From Table 1, putting the nominal values in (16), we
get the transfer function of ETCS:

θ(s)

Ea(s)
= 6349

s3 + 689.7s2 + 1.82 · 104s + 2.54 · 104
.

(17)

The explicit dynamics of the nonlinear vehicle [4, 6]
is given as follows;

m
dV

dt
= Fe(θ) − Fwheel − Fg, (18)

τe

dFe(θ)

dt
= −Fe(θ) + Fe1(θ) (19)

where

Fe1(θ) = Fi + γ
√

θ. (20)

Fe is the engine force that is a function of the throttle
position, θ is the angular throttle position, V is the ve-
hicle speed, Fg is the gravity induced force, which is
a function of the road grade or road slope β . The road

slope may be positive or negative. As a disturbance, it
is considered a non-deterministic variable and repre-
sented as

Fg = m · g · sinβ. (21)

Fwheel is a force acting on the wheel, in the litera-
ture [6] it is given as Froad which is

Fwheel = Froll + Fdrag + Fdamp, (22)

Froll = μ · m · g · cosβ, (23)

Fdrag = 0.5 × ρ × Af r × cd × V 2 = αV 2 (24)

where ρ, Af r and cd represent the density of air
(kg/m3), the vehicle effective frontal area (m2), and
the aerodynamic drag coefficient (N s2/kg m), respec-
tively.

Fdamp = bw · V
rtire

(25)

where bw is the bearing’s damping coefficient and rtire

is an effective vehicle tire radius. Note that this expres-
sion for the wheel damping, as well as other deriva-
tions, assumes a direct proportionality between the
wheel angular velocity and vehicle speed. After com-
bining (18)–(25), we get

m
dV

dt
= Fi + γ

√
θ − τe

dFe(θ)

dt
− μ · m · g · cosβ

− αV 2 − bw · V
rtire

− m · g · sinβ. (26)

The complete mathematical model of the nonlinear ve-
hicle considered in this paper is given by (26). Us-
ing (26), the Simulink model of the nonlinear vehicle
is designed which is given in Fig. 2. In Fig. 2, β = 10◦
(0.175 radian) is considered for the simplification of
the vehicle model, but during simulation β is taken as
a random value with variance of π/10 radian, which
gives a non-deterministic slope of the road.

The MATLAB command ‘linmod’ is used for the
linearization of the nonlinear model in [29] and here
the same command is used for the linearization of the
nonlinear vehicle, hence the transfer function of the
vehicle is

V (s)

θ(s)
= 7906

s2 + 2s + 0.001
. (27)

After combining (17) and (27), the overall transfer
function GN(s) of the system with nominal values is
given in (28):
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Fig. 2 Simulink model of
the nonlinear vehicle

V (s)

Ea(s)

= 5 × 107

s5 + 691.7s4 + 1.95 · 104s3 + 6.17 × 104s2 + 5.08 · 104s + 25.4
.

(28)

Equation (29) and (30) represent the transfer function
of the system for lower and upper limit values, respec-
tively, that are given in Table 1 and are required for
robustness analysis of the overall vehicle model under
parametric uncertainty;

GL(s)

= 1.87 × 108

s5 + 764s4 + 1.19 · 104s3 + 9.1 × 104s2 + 2.5 · 105s + 200
, (29)

GU(s)

= 1.7 × 107

s5 + 655s4 + 2.2 · 104s3 + 3.9 × 104s2 + 1.56 · 104s + 5.5
. (30)

3 Self-tuning fuzzy PID controller

The conventional tuning of a PID controller like
Ziegler Nichols doesn’t apply for all nonlinear, un-
certain and time varying systems. Hence the PID con-
troller tuned by the hand tuning rule [4] and fuzzy
logic is used here, and this may be called a self-
tuning fuzzy PID controller; it may also be called
adaptive control because the controller adapts to the
non-deterministic variation of the road grade or slope,
it also gives robust performance which is verified by
lower and upper limit values as given in Table 1. The
transfer function of the generalized PID controller is
given in [4], namely

C(s) = KP + Ki

s
+ Kds = KP

(
1 + 1

Tis
+ Tds

)

(31)

where Kp , Ki , and Kd are proportional, integral and
derivative gains, respectively. Ti is the reset time
which is equal to Kp/Ki , and Td is the rate time which
is equal to Kd/KP . The proposed control block dia-
gram of the complete system with the controller is
represented in Fig. 3.

Fig. 3 Proposed control block diagram of the complete system
with the controller

Fig. 4 Structure of self-tuning fuzzy PID controller

In the STF-PID controller, the parameters of the
PID controller, Kp , Ki and Kd , are tuned by fuzzy
logic [19]. The gains of the PID controller are not of-
ten properly tuned for the nonlinear vehicle with un-
predictable parameter variations like road slope, and
manual tuning or hand tuning rule takes a lot of time.
Hence, it is necessary to automatically tune the PID
controller parameters. The structure of the self-tuning
fuzzy PID controller is shown in Fig. 4. For the de-
sign and implementation of the STF-PID controller,
there are two inputs to fuzzy inference, error e(t) and
derivative of error de(t), and three outputs, K ′

p , K ′
i

and K ′
d . In this controller, the designing processes of

the rules are based on the properties of the PID con-
troller and the characteristic of the HEV.

Assume that the variable ranges of the PID con-
troller parameters Kp , Ki , Kd are [Kp min,Kp max],
[Ki minKi max], [Kd min,Kd max], respectively. The
range of each parameter is determined by using simu-
lation results of the PID controller. Consider the range
of the PID controller parameters Kp , Ki and Kd as
[0.1,10]. These are calibrated as follows:
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K ′
p = Kp − Kp min

Kp max − Kp min
= Kp − 0.1

10 − 0.1
,

K ′
i = Ki − Ki min

Ki max − Ki min
= Ki − 0.1

10 − 0.1
and

K ′
d = Kd − Kd min

Kd max − Kd min
= Kd − 0.1

10 − 0.1
.

(32)

After simplification of (32), we get

Kp = 9.9K ′
p + 0.1, Ki = 9.9K ′

i + 0.1 and

Kd = 9.9K ′
d + 0.1.

(33)

The linguistic variable levels are assigned as nega-
tive big (NB), negative small (NS), zero (ZE), positive
small (PS), and positive big (PB). The ranges of these
inputs are taken between −0.1 and 0.1, and the mem-
bership functions of the outputs K ′

p , K ′
i and K ′

d are
taken to be triangular. The linguistic levels of the out-
puts are assigned as small (S), medium small (MS),
medium (M), medium big (MB), and big (B), where
the ranges are from 0 to 1. The fuzzy rules are as
shown in Table 2.

4 MRAS speed observer

The MRAS speed observer consists mainly of an RM,
plant and an adaptation mechanism. The adaptation
mechanism consists of an adjustable control law and
an adjusting mechanism of the control law. In the
MRAS, the adjustable control law adjusts in such a
way that it minimizes the adaptation error and forces

Table 2 Rule base matrix for STF-PID

e ce

NB NS ZE PS PB

NB S S MS MS M

NS S MS MS M MB

ZE MS MS M MB MB

PS MS M MB MB B

PB M MB MB B B

the system to asymptotically stabilize. The second or-
der RM in the form of a differential equation is given
as

ÿm = −2ξωnẏm − ω2
nym + ω2

nr. (34)

The parameters for RM are the reference value r or set
value SV, damping ratio ξ and the natural frequency
ωn that require proper balance in the time domain
specifications such as ST, OS, Ess, and RT. In this pa-
per, two RMs are taken for comparative study. The
RMs and their performance specifications are given
in Table 3. RM-1 with ξ = 0.7 gives 4.8 % OS, and
RM-2 with ξ = 1 gives 0 % OS but other performance
parameters such as RT, OS and ST are poor in com-
parison with RM-1, which is clearly seen in Table 3.

The sliding mode control (SMC) is a variable struc-
ture control with high frequency discontinuous con-
trol action that switches between several functions de-
pending on the system states. It is one of the most ef-
fective and robust nonlinear control techniques [17] of
nonlinear vehicles. The principle of SMC is to define
a switching control law to drive the nonlinear state
trajectory onto a switching surface and maintain this
trajectory sliding on this surface for all subsequent
time [17]. The control law is based on Lyapunov the-
ory to guarantee the motion of the state trajectory to-
wards the sliding surface. This is done by choosing
a hitting control gain to maintain the derivative of
the Lyapunov function which is always negative defi-
nite [11]. The linearized system which is a fifth order
system as given in (28) is used for the observer de-
sign, and the nonlinear system as given in (26) is used
in simulation. Hence the generalized fifth order system
is in the form of a differential equation and written as

p5y = −a4p
4y − a3p

3y − a2p
2y − a1py

− a0y + k1u (35)

where the constants a4 to a0 are responsible for the lo-
cation of poles, k1 is the gain, u is the control input to
the plant and p is a differential operator. The adapta-
tion error is defined as

ye(t) = ym(t) − y(t) (36)

Table 3 Dominant pole
(DP) based RMs and their
performances

Reference model ξ ωn DP ST (s) OS % ESS RT (s)

Step Ramp

RM-1 = 4
p2+2.8p+4

0.7 2 −1.4 ± 1.428j 2.86 4.6 0.0 0.7 1.1

RM-2 = 4
p2+4p+4

1 2 −2,−2 2.92 0.0 0.0 1 1.68
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where y(t) is the plant output, ym(t) is the RM output.
Choose a sliding surfaces as in [11], namely

s = ye +
∫

k · ye · dt, k > 0. (37)

Then the error dynamics at the sliding surface s = 0
will be forced to decay exponentially to zero. When
the system reaches the sliding surface, this gives

ṡ = ẏe + kye = 0. (38)

The error dynamics can be described by

ẏe = −kye. (39)

The SMC law can be found by using Lyapunov theory
and defining the Lyapunov function as

v = 1

2
s2. (40)

According to Lyapunov theory, if the derivative of v is
negative definite, this will ensure that the state trajec-
tory will be driven and attracted toward the sliding sur-
face s, and having reached it; it will remain sliding on
it until the origin is reached asymptotically [11]. The
time derivative of the Lyapunov function in (40) can
be calculated as

v̇ = sṡ = s(ẏe + kye). (41)

Putting (34) and (35) into (36) and differentiating (36)
yields

ẏe = −2ξωnym − ω2
nym

p
+ ω2

nr

p
+ a4y + a3y

p
+ a2y

p2

+ a1y

p3
+ a0y

p4
− k1u

p4
. (42)

If

f1 = −2ξωnym − ω2
nym

p
+ ω2

nr

p
+ a4y + a3y

p

+ a2y

p2
+ a1y

p3
+ a0y

p4
and

f2 = k1

p4
then ẏe = f1 − uf2.

(43)

From (38) and (43)

ṡ = f1 + k · ye − uf2. (44)

Hence (41) can be written as

v̇ = s(f1 + kye − uf2). (45)

This derivative is negative definite if

(f1 + kye − uf2)

⎧⎨
⎩

<0 for s > 0
=0 for s = 0
>0 for s < 0

⎫⎬
⎭ . (46)

Fig. 5 MRAS speed observer with sliding mode adaptation
mechanism

This can be insured if

u = f1 + kye

f2
+ M sign(s), M > 0 (47)

where the sign function is defined as

sign(s) =
{−1 if s < 0
+1 if s > 0

}
. (48)

The total control law of the SM adaptation mechanism
is represented by (47) and could be written in a general
form as

utotal = ueq + us (49)

where ueq is the equivalent control that defines the
control action that keeps the state trajectory on the
sliding surface, us is the switching control that de-
pends on the sign of the switching surface, and M is
the hitting control gain that makes (41) negative def-
inite [11]. The expressions for the equivalent and the
switching control functions can be written as

ueq = f1 + kye

f2
, (50)

us = M sign(s), M > 0. (51)

The presence of the function f2 in the denominator of
the equivalent control ueq may cause problems in the
control and estimation performance of the proposed
scheme if its value approaches zero. This problem can
be avoided by considering only the numerical values
of f2. The use of the sign function in the SMC in (47)
causes high-frequency chattering due to the discon-
tinuous control action that represents a severe prob-
lem when the system state is close to the sliding sur-
face [11]. The block diagram of the MRAS observer
employing the SM adaptation mechanism is shown in
Fig. 5.
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5 Robust control

This section presents the robust stability analysis of
the linearized HEV with parametric uncertainty using
the proportional controller (PC) and Kharitonov’s the-
orem. The gain of PC is derived using the root locus
method and H∞ control theory with an order reduction
technique [30, 31].

5.1 H∞ control theory [25–28]

The standard H∞ control configuration with weighting
functions and proposed speed tracking and robustness
analysis control block are given in Fig. 6(a) and 6(b),
respectively. The design objective of C(s) is to get
both the desired tracing performance and robustness
in the predefined range of system parameters which is
given in Table 1.

In Fig. 6(a), G(s) is the nominal plant; z, y, SV,
and u are the controlled output, the measured output,
the exogenous input or set value, and the control in-
put, respectively. They are used to design an H∞ con-
troller C(s) to get both the desired speed tracking per-
formance and robustness of the system within spec-
ified parametric uncertainty. The weighing functions
W1, W2 and W3 are as follows: W1 is the weight for
tracking error performance, W2 is the weight to the
controller transfer function, and W3 is the weight to
robust output performance [28]. Figure 6(b) is used
for the analysis of the desired speed tracking perfor-
mance and robustness, i.e., robust stability analysis of
the uncertain system. The weighting functions are then
selected to keep the parametric uncertainty of the sys-
tem under prescribed limits as given in Table 1. The
H∞ controller designed using the mixed-sensitivity
approach is proposed. The robust control problem con-
sists in stabilizing controller C(s) so that the H∞ norm
of the sensitivity matrix ‖S(jω)‖∞ is minimized at
the output. This is practically achieved by defining a
frequency weighting matrix, W(jω). The good track-
ing performance to a changing desired output requires
maximizing the smallest singular value of the comple-
mentary sensitivity matrix, T (s) = 1 − S(s). The dif-
ferent frequency ranges for the various optimizations
can be specified as three different frequency weight-
ing matrices, W1(jω), W2(jω) and W3(jω), and such

(c)

Fig. 6 (a) Standard H∞ control configuration with weighting
functions W1, W2, W3, (b) Proposed speed tracking and robust-
ness analysis control block. (c) Singular values of nominal, plant
uncertainty and weighting functions W1 and W3

that the H∞ norm of the mixed-sensitivity matrix,
‖M(jω)‖∞, is minimized where

M(jω) =
⎡
⎢⎣

W1(jω)S(jω)

W2(jω)C(jω)S(jω)

W3(jω)T (jω)

⎤
⎥⎦ . (52)

Formulating the H∞ optimal control problem in
this fashion ensures the specification of both perfor-
mance and robustness of the desired closed loop sys-
tem by the three frequency weighting matrices, such
that

σmax
(
S(jω)

) ≤ σmax
(
W−1

1 (jω)
)
,

σmax
(
C(jω)S(jω)

) ≤ σmax
(
W−1

2 (jω)
)
,

σmax
(
T (jω)

) ≤ σmax
(
W−1

3 (jω)
) (53)
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where σmax represents maximum singular values. The
advantages of an H∞ controller lie in its automatic
loop shaping as a function of the weighting matrices.
An efficient algorithm for finding the mixed sensitivity
H∞ controller is develop in this paper. The algorithm
imposes the restriction∥∥ϑM(jω)

∥∥∞ ≤ 1 (54)

where ϑ is a scaling factor, to be determined by the
optimization process. Using the robust control toolbox
command ‘hinfopt’ of MATLAB, we iterate ϑ until a
stabilizing solution satisfying (54) is obtained. The se-
lection of the weighing function or matrix is done with
the help of the results in [26, 28]. W1 is selected as
a standard second-order weighting function [28]. The
weighting functions in the form of a transfer function
used in simulation are

W1(s) = 2

s2 + s + 0.01
, W2(s) = 5,

W3(s) = 100s + 1

s + 100
.

(55)

Figure 6(c) shows the variation of the singular values
of the nominal, plant uncertainty and weighting func-
tions W1 and W3 from low to high frequency.

Iteration 7 out of 9 gives the best answer under the
tolerance of 0.0100, which has ϑ = 0.76563. The or-
der of the resulting controller is same as the order of
the augmented plant, and the transfer function of the
controller is

C (s) =
0.23s7+183.7s6+2.1·104s5+5·105s4

+2.1·106s3+3.1·106s2+1.53·106s+770.2

s7+824.4s6+1.15·105s5+5.16·106s4+1.12·108s3

+1.23·109s2+1.13·109s+1.13·107

. (56)

The response of the system under specified paramet-
ric uncertainty with controller (56) is given in Fig. 15
and 16.

5.2 Kharitonov’s theorem

Consider the polynomials

P(s) =
n∑

i=0

ais
i (57)

where αi ≤ ai ≤ βi , 0 ≤ i ≤ n.
According to Kharitonov’s theorem, the interval

polynomial P(s) is stable if and only if the following
four polynomials are stable [23]:

p1(s) = α0 + α1s + β2s
2 + β3s

3 + α4s
4 + α5s

5 · · · ,
p2(s) = β0 + α1s + α2s

2 + β3s
3 + β4s

4 + α5s
5 · · · ,

p3(s) = α0 + β1s + β2s
2 + α3s

3 + α4s
4 + β5s

5 · · · ,
p4(s) = β0 + β1s + α2s

2 + α3s
3 + β4s

4 + β5s
5 · · · .

(58)

In this section, the robust stability of the closed loop
system is checked with proportional controllers (PC),
and the stability margin of the system is also deter-
mined. The robust stability condition of the fifth order
polynomials is given in [23], namely

λq3 > λr1, λr3 > max(λq2, λq4) and

min(λq2, λq4) > max(λr2, λr4)
(59)

where

λr1,2 = 1

2α4

[
β2 ±

√
β2

2 − 4α0α4

]
,

λr3,4 = 1

2α4

[
α2 ±

√
α2

2 − 4β0β4

]
,

λq1,2 = 1

2α5

[
β3 ±

√
β2

3 − 4α1α5

]
,

λq3,4 = 1

2β5

[
α3 ±

√
α2

3 − 4β1β5

]
.

The actual stability margin of the uncertain system is
defined as

Stability margin = min[λ1, λ2, λ3] (60)

where λ1 = λq3 − λr1, λ2 = λr3 − max(λq2, λq4) and
λ3 = min(λq2, λq4) − max(λr2, λr4).

Thus, the higher the value of the stability margin,
the more stable the system will be. If the stability mar-
gin is zero, the system is marginally stable; if the sta-
bility margin is negative, the system is unstable.

The transfer function of system G(s) with paramet-
ric variation is given as

G(s) = [1.7 × 107,1.87 × 108]
s5+[655,764]s4+[1.19·104,2.2·104]s3

+[3.9×104,9.1×104]s2+[1.56·104,2.5·105]s+[5.5,200]
.

(61)

The characteristic equation is

1 + G(s) · C(s) = 0. (62)

5.3 Robust stability analysis

Case 1 Consider a simple random gain for the pro-
portional controller (PC) to be a unit, i.e., C(s) = 1,
hence the characteristic equation is
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s5 + [655,764]s4 + [
1.19 · 104,2.2 · 104]s3

+ [
3.9 × 104,9.1 × 104]s2

+ [
1.56 · 104,2.5 · 105]s

+ [
1.7 × 107,1.87 × 108] = 0. (63)

Using (58) and (63), all four Kharitonov’s polynomials
are

p1(s) = s5 + 655s4 + 2.2 · 104s3 + 9.1 × 104s2

+ 1.56 · 104s + 1.7 × 107,

p2(s) = s5 + 764s4 + 2.2 · 104s3 + 3.9 × 104s2

+ 1.56 · 104s + 1.87 × 108,

p3(s) = s5 + 655s4 + 1.19 · 104s3 + 9.1 × 104s2

+ 2.5 · 105s + 1.7 × 107,

p4(s) = s5 + 764s4 + 1.19 · 104s3 + 3.9 × 104s2

+ 2.5 · 105s + 1.87 × 108. (64)

By checking the stability condition (59) on (64), we
see that the condition is not satisfied, hence the system
is unstable.

Case 2 Consider a conventional PC with C(s) =
0.0001. The gain of C(s) is obtained using the root
locus technique which gives a value of gain of nearly
0.002 for marginal stability. Hence the characteristic
equation with C(s) = 0.0001 is given by

s5 + [655,764]s4 + [
1.19 · 104,2.2 · 104]s3

+ [
3.9 × 104,9.1 × 104]s2

+ [
1.56 · 104,2.5 · 105]s

+ [1705.5,18900] = 0. (65)

Using (58) and (65), we compute all four Kharitonov’s
polynomials, and they are

p1(s) = s5 + 655s4 + 2.2 · 104s3 + 9.1 × 104s2

+ 1.56 · 104s + 1705.5,

p2(s) = s5 + 764s4 + 2.2 · 104s3 + 3.9 × 104s2

+ 1.56 · 104s + 18900,

p3(s) = s5 + 655s4 + 1.19 · 104s3 + 9.1 × 104s2

+ 2.5 · 105s + 1705.5,

p4(s) = s5 + 764s4 + 1.19 · 104s3 + 3.9 × 104s2

+ 2.5 · 105s + 18900.

(66)

The conditions in (59) for robust stability are checked
on (66) and are found to be satisfied, hence the sys-
tem is stable. For the calculation of the stability mar-
gin of the system, (59), (60) and (66) are considered.
From (59) and (66) the following results are obtained;

λr1,2 = 138.9,0.0187, λr3,4 = 58.97,0.571,

λq1,2 = 2.2 · 104,0.71, λq3,4 = 11879,21,

that is,

λ1 = λq3 − λr1 ⇒ 11879 − 138.9 = 11740.1,

λ2 = λr3 − max(λq2, λq4)

⇒ 58.97 − 21 = 37.97,

λ3 = min(λq2, λq4) − max(λr2, λr4) = 0.139.

From (60), the resulting stability margin is 0.139. For
a stable system, the stability margin is positive, which
is true here, hence the system is stable.

Case 3 The H∞ controller is considered as a robust
PC for which the gain is derived using Routh’s order
reduction technique (see the Appendix). The charac-
teristic equation with C(s) = 6.82 · 10−5 in terms of
the lower and upper limit values is given as follows:

s5 + [655,764]s4 + [
1.19 · 104,2.2 · 104]s3

+ [
3.9 × 104,9.1 × 104]s2

+ [
1.56 · 104,2.5 · 105]s

+ [1164.9,12953] = 0. (67)

After applying the stability condition given in (59)
on (67), we see that the conditions are satisfied, hence
the system is stable for a given uncertainty. From (59),
(60) and (67), the stability margin of the system is de-
termined, and similarly to case 2 the following results
are obtained:

λr1,2 = 138.9,0.0128, λr3,4 = 59.152,0.39,

λq1,2 = 2.2 · 104,0.71, λq3,4 = 11879,21,

that is,

λ1 = λq3 − λr1 ⇒ 11879 − 138.9 = 11740.1,

λ2 = λr3 − max(λq2, λq4)

⇒ 59.152 − 21 = 38.152,

λ3 = min(λq2, λq4) − max(λr2, λr4) = 0.32.

From (60), the resulting stability margin is 0.32. For a
stable system, the stability margin is positive, which is
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true in this case, hence the system is stable. The sta-
bility margin obtained from a robust PC, i.e., a PC de-
signed using an H∞ controller, is far better compared
to the stability margin obtained from a conventional
PC, i.e., a PC designed using the root locus technique.

6 Simulation results and discussion

This section presents a closed loop response for a spec-
ified vehicle speed in various modes such as accelera-
tion, deceleration and cruise control mode for a given
range of system parameters defined as lower (L), nom-
inal (N) and upper (U) values using MATLAB and
SIMULINK. These results verify the robust perfor-
mance of the HEV with different controllers. Figure 7
shows the response of the throttle position of ETCS
with a PI controller. In this figure, doted and solid
lines represent the desired and actual values, respec-
tively. Figure 7 shows the output of the angular throt-

Fig. 7 Response of ETCS with PI controller

tle position in radians because the throttle position de-
pends upon the angular movement, and hence the si-
nusoidal signal is taken as desired input. The throttle
valve varies from 0 to π/2, i.e., from 0 to 1.57, and
hence is shown between 0 to 1.5 rad.

Figure 8 shows the response of the system with a
PID controller in the outer loop and a PI controller in
the inner loop. The response of the system with a PID
and a self-tuning fuzzy PID controller is presented in
Figs. 8, 9 and 10. Here the PID and PI controllers are
tuned by using the hand-tuning rule [4], the values of
the PID controller parameters are Kp = 9, Ki = 0.1
and Kd = 0.3. The integral error performance indices
of these controllers under perturbation are given in Ta-
ble 4. In Figs. 8–10, the vehicle speed is 20 m/s for
the first 6 s, then there is an acceleration at the rate
of 6 m/s2; from then, the vehicle runs at a constant
speed of 32 m/s for 8–12 s; for the time interval of 12–
14 s, the vehicle runs in a decelerating mode at 4 m/s2,
reaches at the speed of 24 m/s; and finally, from 14–
20 s the vehicle runs at a constant speed of 24 m/s
again.

It is clear from Table 4 that the STF-PID gives a
smaller value of IAE, ISE for the lower, nominal and
upper values of the system parameter. Figure 10 shows
the combined response of the nominal system with
PID and STF-PID for comparative analysis. The per-
formance of these two controllers in the time domain
and IEPI is given in Table 5.

Fig. 8 Response with a
PID controller

Fig. 9 Response with a
self-tuning fuzzy PID
controller
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Fig. 10 Response of the
nominal values of the
system with PID and
STF-PID

Fig. 11 Response of
proposed SM-MRAS
observer for (a) RM-1 and
(b) RM-2

Table 4 IEPI for robustness analysis

Controller Parameter Lower Nominal Upper

PID IAE 12.51 12.61 21.73

ISE 69.48 114.9 179.6

STF-PID IAE 10.66 11.33 18.89

ISE 58.8 107.6 165

Table 5 Performance index of Controllers

Controller IEPI Time domain

IAE ISE OS RT ST

PID 12.61 114.9 34.83 0.4716 1.687

STF-PID 11.33 107.6 30.4 0.462 1.43

It is observed from Table 5 that the STF-PID con-
troller gives better performance in the time domain as
well as IEPI with respect to the PID controller.

Table 6 IEPI using SM-MRAS

Parameters Lower Nominal Upper

RM-1 IAAE 3.263 4.256 9.067

ISAE 0.7264 1.67 5.445

RM-2 IAAE 3.424 3.235 10.8

ISAE 0.8022 0.8015 8.235

Figures 11(a)–(b) show the response of the SM-
MRAS observer for RM-1 and RM-2, respectively; the
observer parameters k = 2 · 1010 and M = 0.01 are
used in the simulation.

It is clearly seen from Fig. 11(a)–(b) that the plant
output tracks the desired value. It also shows the ro-
bust performance because it gives nearly the same re-
sponse for a given range of system parameters. Table 6
gives the IEPI of HEV for RM-1 and RM-2, which are
the values of the integral of absolute adaptation error
for SM adaptation mechanisms. The integral of the ab-
solute adaptation error (IAAE) and the integral of the
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Fig. 12 Adaptation error and variation of road slope or grade

Fig. 13 Step response of the uncertain system with a conven-
tional PC

square of the adaptation error (ISAE) are assumed to
be IAE and ISE, respectively. In Fig. 11(a)–(b), the os-
cillations occurring in the upper plant parameters are
due to chattering. For Fig. 11(a)–(b), the desired tra-
jectory is generated from RMs 1 and 2, respectively.
The input trajectory is now similar to the previous
Figs. 8–10.

It is seen form Table 6 that the SM-MRAS with
RM-2 gives a smaller value of IAAE and ISAE for
nominal values but the SM-MRAS with RM-1 gives
the least band (the difference between the upper and
lower values) of IAAE and ISAE. Hence the SM-
MRAS with RM-1 gives more robustness compared to
RM-2. Figure 12 shows the adaptation error of MRAS
with RM-1 and RM-2 and also shows the variation of
road slope or grade with time which is used in all sim-
ulation results from Figs. 8 to 11.

It is clearly seen from Fig. 12 that the adaptation
error depends on the road grade, i.e., for a poor road
grade the adaptation error is larger.

Figures 13 and 14 respectively show the step re-
sponse of HEV in the time and frequency domains
(Bode plot) with a conventional PC. Figures 15 and 16
respectively show the step response of HEV in the time

Fig. 14 Bode plot of the uncertain system with a conventional
PC

Fig. 15 Step response of the uncertain system with the H∞
controller

and frequency domains with a robust H∞ controller.
The response in these figures is plotted after taking 20
random uncertain samples between the lower, nominal
and upper limit values as given in Table 1. The perfor-
mance index of the system with these controllers is
given in Table 7.

From Figs. 13–16 and Table 7, it is evident that the
H∞ controller gives the smallest time domain speci-
fications in terms of OS, ST and RT as compared to
a conventional PC. Hence H∞ gives better time do-
main specification as compared to conventional PC.
The H∞ controller gives the narrowest GM, PM, OS,
ST and RT bands as compared to a conventional PC,
meaning that narrower bands give similar performance
under parameter variations, i.e., the robustness of the
system towards the parametric uncertainty is achieved
with the H∞ controller.
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Table 7 Performance
index of uncertain system in
time and frequency domain

Controller Time domain Frequency domain

OS (%) ST (s) RT (s) GM (dB) PM (deg.)

P Nominal 2.37 35.7 19.4 29.9 83.5

Uncertain 1.7–34.7 9.67–186 3.9–112 11.9–52.4 26.1–91.7

H∞ Nominal 1.62 2.15 1.41 24.7 77.5

Uncertain 0.73–26.2 1.45–12.9 0.35–9.7 13.5–34 55.3–113

Fig. 16 Bode plot of the uncertain system with the H∞ con-
troller

7 Conclusion

The HEV along with ETCS is more useful for vari-
able speed, long drives, reducing driver fatigue, im-
proving comfort across highways and sparsely popu-
lated roads. This usually results in better fuel econ-
omy, efficiency and reduces pollution. The STF-PID
controller is designed in this paper which gives robust
performance and also eliminates the controller tuning
time. Hence replacing the PID controller where a large
time is required for tuning and robustness is also com-
promised. The MRAS are designed with two different
RMs and nonlinear adaptation mechanisms based on
the sliding mode theory for HEV. The MRAS based
on the sliding mode theory is derived using Lyapunov
theory to ensure asymptotic estimation stability with
the advantage of fast error dynamics. A detailed com-
parative analysis of MRAS for estimation and con-
trol of the speed of nonlinear hybrid electrical vehicle
vividly shows that the SM adaptation law with RM-1
gives better transient, steady state and robust perfor-

mance as compared to MRAS with RM-2. The min-
imum band of IAAE and ISAE is achieved using the
sliding mode adaptation mechanism with RM-1, i.e.,
to achieve the desired speed, a minimal change in the
current and torque is required for the desired throt-
tle position which ensures better fuel economy and
efficiency. SM-MRAS may also be applied to other
similar nonlinear systems for performance optimiza-
tion.

The robust stability analysis of the speed control
of HEV with conventional PC and robust PC is com-
pleted using robust stability condition which is derived
from Kharitonov’s theorem and the stability margin
is also calculated. However, HEV is highly nonlinear
and sensitive to parameter variation; the performance
of the uncertain HEV with the robust H∞ controller
is evaluated both analytically and graphically. The ro-
bust H∞ controller gives better performance both in
the time and frequency domain. In this paper, ETCS
with HEV is used in nonlinear as well as linearized
form. MRAS with RM-1 is better for nonlinear HEV
and the H∞ controller is more suitable for linearized
HEV. The DC servo motor used in this paper may be
replaced by a brushless DC motor or a permanent mag-
net synchronous motor, etc.

These techniques may also be applicable for the ro-
bust stability analysis and control of PMSM, aircraft,
electrical, mechanical, and electromechanical systems
and other lower and higher order systems.

Appendix

The order reduction of the original seventh order H∞
controller into a PC (zero order) using Routh’s order
reduction technique as given in [30, 31] is presented
in this appendix. In the Routh’s order reduction tech-
nique, one formulates Routh’s table for the numerator
and denominator of (56):
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Routh’s table for the numerator looks like

s7 0.23 2.1 · 104 2.1 · 106 1.53 · 106

s6 183.7 5 · 105 3.1 · 106 770.2
s5 2.04 · 104 2.1 · 106 1.53 · 106

s4 4.8 · 105 3.1 · 106 770.2
s3 1968250 1.53 · 106

s2 2.73 · 106 770.2
s1 1.53 · 106

s0 770.2

Routh table for the denominator is

s7 1 1.15 · 105 1.12 · 108 1.13 · 109

s6 824.4 5.16 · 106 1.23 · 109 1.13 · 107

s5 1.09 · 105 1.11 · 108 1.13 · 109

s4 4.3 · 106 1.22 · 109 1.13 · 107

s3 8 · 107 1.13 · 109

s2 1.16 · 109 1.13 · 107

s1 1.13 · 109

s0 1.13 · 107

Using Routh’s order reduction technique as given
in [30, 31], we reduce the seventh order H∞ controller
to the second, first, and zeroth order (proportional con-
troller); and finally, the transfer functions are respec-
tively given below

2.73 · 106s2 + 1.53 · 106s + 770.2

1.16 · 109s2 + 1.13 · 109s + 1.13 · 107
,

1.53 · 106s + 770.2

1.13 · 109s + 1.13 · 107
and

770.2

1.13 · 107 .

The outcome of the zeroth order controller is a PC with
the gain C(s) = 6.82 · 10−5. To make the calculations

Fig. 17 Plot of the singular values for the nominal system with
the original and reduced order H∞ controllers

easy for the stability margin and robust stability anal-
ysis, consider only the reduced zeroth order H∞ con-
troller as a robust PC. Figure 17 shows the plots of
the singular values for the nominal system with the
original seventh order and reduced order, namely the
second, first and zeroth order, H∞ controllers.
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